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ABSTRACT

Project scheduling problem is the generalizedmode of the well-known problem of "workshopon industrial

J
orders'; hence it can be categorized in class of complex problems or the NP class. In such problems | |isthe

current activity each of which can be conducted in a fixed period of time d, (J L ’| J| )vvith or without

any break in their time period during performance and with considering two restrictions of prerequisites and

resources. One of the solutions for problems of project scheduling with limited resources is the method of

branch and bound.

In this research, through studying the branch and bound method, we get use of some mechanisms to conduct this

method so to increase its efficiency as much as possible. For this purpose, we solve the problemin two phases.

In the first phase we try to have structural compression in the network. In this way the following three

regulations are applied:

1. Eliminating those activities which are not in accordance with any other activity in the network

2. Eliminating the two activities which are in accordance with each other (activity i isonly in accordance with
activity j and activity j is only in accordance with activity i)

3. Eliminating the activity which is only in accordance with another activity

(The two activities which simultaneous performance of them may violate restriction of resources and or

prerequisitesare called incompatible)

In the second phase we conduct the branch and bound method according to compressed network; it is worth

mentioning that in calculating bound of the nodes we try to improve the amount of bound through finding

incompatible activities and in this way we attain more efficient performance of branch and bound.

Keywords: The resource constrained project scheduling problem, Lower bound, Compressthe structure of the
network, Branch and bound algorithm.

The general mode of the problem Also a project has restriction of resource

and the project network k={1,...,m}, and in every period of time,
maximum amount of Rof every kind of

The general mode of problem of resourcesresource is available. Every activity in each
allocation is as follows: period of time requiresresource from
In every project there are some activities i= €ach kind of k resource which all these
{ 1,....n} which are dependent on each restrictions can be monitored in the project
other and each of them has a time period dnetwork. The following example indicates
which has to be performed in order to fulfill the project network with n=9 activity which
the project. There are some precedencehas a resource of (k=1) and maximum
relationshipsbetween activities.We show available resource is R1= 5. The activities 1
these precedence relationships in the projecnd 9 (virtual activities) represent the
network between the activities of a project beginning and the end of project with 0
with a curve between both activities which period of time.

have such relations with each other.
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Example (1)

1. Calculating lower bound by getting
use of precedence relationshipsamong
activities (LB1)

In project scheduling problem wi
restricted resources, for calculating t
bound, the resttion component of th
resources must be eliminated from
problem and according to limitlessness
resources, a time for beginning &
finishing each activity and finally a time f
fulfillment of the whole project must
calculated. In calculatinghis bound, onh
component of precedence is regar
between the activities. It is quite obvic
that, this bound represents the reality thi
there is no component except
precedence relationship on the network,
project cannot be performed in ime less
than LB1.

While calculating LB1, the amounts of t
latest and the earliest starting time of e
activity (ES/LS;) as well as the earliest a
the latest fulfillment time of each activi
(ER/LF;) must be calculated; the duration
[ES;, LF] is called time window of activity
and we know that LB1 is the critical pe
method (C). These amounts can
calculated through the following algorithi

ES=EF, =0
ES; = max{EF;|i € P;};
EF, = ES; + d,
LF, =LS§, = LBl
LF; = min{LS,|h € F}};
for j=n—1,...,1.

for j=2,...,n.

P= the set of activities which ar
prerequisite of activity |

F= the set of activities wbh are pos-
requisite of activity |

For example (1) critical path a

calculations are done as follo
06 39 6,13

2. Calculating lower bound by getting
use of resourcesrestriction (LB2)

The same as previous method,
calculating the lower bound of the proj
scheduling  problem  with  restricte
resources, this time we consider ano
method for facilitating the problem. In tt
method for the sake of calculating lov
bound we only consider that resour
restriction is existed and we do not cons|
precedenceestrictions among activities. /
we know, for performing every activity
each period of time we require specif
amount of resources, and we also know
the amount of existence of the resource
each period of time is a fixed amount. T
bound reresents the point that, if we or
have restriction of resources, due to the
that every activity uses especial amoun
resources, we cannotfulfill the project
shorter time through lower bound of LE
This required amount of resource can
calaulated through multiplyingthe amou
of resource of each activity by its time ¢
dividing the sum of attained amounts by
existed amount of resource in each perio
time. Considering this bound for t
problems which require several resource
equd to finding maximum amount betwe:
calculated amounts for each resource.
following equation embraces all poit
mentioned above:

w2 )2

Wherek is resource index, j is unfulfille
activities index, R is the amount c
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availability in resource K,4ris an amoun
from resource k which activity j requir
that, and finally dis the remaining time fc
fulfilling activity j. For the example of (1
we have:

LB2= [74/5] = [14.8]=15

3. Calculating lower bound by getting

use of combination of resources
restriction and restriction of
precedence relationship  between

activities (LB3)
Before expressing how to calculate t
lower bound we need to express sc
definitions.
Incompatibility: we call activity
incompatible with activity h, in case °

cannot perform these two activiti
simultaneously  with  each  other;tt
incompatibility may occur due |

precedence relationship between activiti
and h, i.e., for instance activity |j

prerequisite of activity h, or simultanec
performance of actities j and h may caut
the amount of the used resource to be r
than the available amount of the resour

Maximum of performable duration: suppc
that throughthe first method (LB1) low
bound is calculated for the project netw
and critical path @) is estimated. No\
consider activity j which is not a member
critical path; activity j needs to I
performed in parallel with critical path

time window [E$ LFj] in duration ¢ and
through amount ofiy (from the resource r
for this activity we define an amount ¢
g™ The amount of B* is equal to th
duration which activity j can be perform
in time window [E$ LF] according tc
resources restriction. In other words,
represents the number of days wr
activity j in its time window-by having
enough resourcesean be performed i
parallel with critical path. Therefore tl
amount of §*is always & ™ < LF-ES

If &™*is greater than or equal it means
that activity j can be performed in its tir
window and activity j is in accordance w
all activities of critical path; otherwis

activity j cannot be performed in its tir
window completelyAs a result, the time «
di- §™Wwill be remained from activity j, an
this time must be added to lower bounc
LB1. Now because we want to have
maximum increase for lower bound, °
define LB3 as the following:

A = max {dj - t.’;m'xp g C}.

LB3 = LBI + max {0,A }.
The example of required calculats and
amount of LB3 is presented in the followi
table and figure.

The table of calculating maximum
performable duration for the exam|

)

Job 2 3 5 7

d, 3 2 3 4

ES 0 0 3 6

LF, 6 | 5 | 9 13

gm o|o0o] o0 |7

Resource
i
] Ri=5
|
e
6 8
: . L
5 6 10 13t

Incompatibility of activity 2 in the
example (1)

ezmax d3 _%max CL_) _Q_)max d7 _e7max}_
LB3=LB1+max{0, max {@¢ =13+max
{0, max {3,2,3,3}}=13+3 =1¢€

Structural compression of
project network

In 1978, NicosChristofides and R.Alvar-
valdes and J.M. Tamarit presentemethod
for structural compression of the netw:
for the sake of calculating lower bound.
this section we will deal with the method
structural compression of the network.
course in this research we get use of

the
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method for improving the method branch
and bound, not for calculating lower bou
As we know, in order to solve the proj
scheduling problem while having restrici
resources through branch and bo
method, the number of produced branc
within the process of problesslving is
function of number of activities of tt
project. Therefore if we can decrease
number of activities of the project netwo
the number of produced branches will
decreased as well and we can decreas
duration of reaching to optimized solutic
This structural compression of network ¢

be performed through the followit
methods:
An activity incompatible with all
activities

Suppose that in the project network, ther
a j activity, in a way that according
restriction of resources or restron of
precedence, it cannot be perforn
simultaneous with any other activity. In tl
case we can delete it from the proj
network without having any problem
generalities of the issue, and we can
duration of activity j to calculated low
bound & the new network. The tir
complexity of finding these kinds
activities in the project network is fro
class o(n); this is because it is requirec
study all activities which their sum is eqt
to n. This kind of activity is called bloc
activity. Inthe next chapter we will discu
the use of networ
structuralcompressionmethod in the proc
of solving problems through branch &
bound method.

For the example (1), activities 4 and 5 h
this feature which cannot be perforn
simultaneous with any toher activity;
therefore the compressed network can
achieved as follows:

R=3

Compressed network of example

Thetwo activities which can be blocked

a) Suppose that in the project netwc
activity j —due to restriction of resources
precedencerestriction —can only be
performed simultaneous with activity i; al
activity i has the same condition (it can o
be performed simultaneous with activity
in this way, we can regard activities i an
as a blocked activity and we can perforn
previous $le. In such a condition tr
duration of newblock activity is considere
as duration of an activity which is bigg
(di, d). The time complexity of suc
activities in the project network is fro
class o(f); this is because two nest
searching loops (mal to the number «
activities n) are required for finding the
kinds of activities and their combinatic
Another mode which can be regardec
that, three i, j and k activities have st
condition, which means that they can o
be performed togethein such situations
we can also operate the same as the mo
the twoactivity, but because time rankil
of these kinds of activities might go up, ¢
the possibility of existence of such activit
may be decreased, we ignore using
mode. In exam@ (1), activities 2 and
have such conditions; therefore the r
network can be demonstrated as follo

Compressed network of the example
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b) Imagine that in the project netwol
activity i —due to restriction of resources
precedence restriction -can only be
performed simultaneous with activity j; k
activity j except with activity i can kb
performed simultaneous with anott

activity like k; in this situation i1dj di

we can consider activities i anc as a
blocked activity and we can operate

same as the first mode. In such conditig
is regarded as the time of n-block

activity, but in the casedj<di it is not

possible to consider activities i and | a
block activity; because it is possible thal
the created duration, no activity
performed; this is while if these tv
activities were not combined in su
duration, an activity could be performe
The time complexity of such activities
the projet network is from class 0?); this
is because two nested searching Ic
(equal to the number of activities n)
required for finding these kinds of activiti
and their combination.

In the example of figure (1),activity 6 ¢
only be performed simulteous with
activity 7, but activity 7 can also |
performed simultaneous with activity 8;)
because the time duration of activity 6
more than that of performance in activity
we can regard these two activities as bl
activities with time duration g5; therefore
the network of new project can be presetr
as the following figure:

Compressed network of example

Proposition

Suppose that in problem RCPSP there i
activity which cannot be performe
simultaneous with another activity due
restiction of resources or preceder

restriction (in other words, there is
blocked activity). In this case if we sched
this activity in the first time it is allowed 1
be scheduled, there would be no hi
conducted on the optimized soluti

Pr oof

To prove the proposition, assume that
have the optimized solution of RCP
problem, and activity j applies in tl
proposition conditions. Activity | i
scheduled with time length ¢ and time
and timea is the first time that activity

was allowed to be scheduled.
resource

activity

"u.
Ca

a b d
time

If a=b, then activity j in the optimize
solution has beel allowed to schedule at
first time.

Consider that this is not the case; then f
time a tob, some activities are scheduled
we consider all these activities as a bloc
as the following:

rEsource

activity

N
>

a b

time
since activity j at timea was performable
there is no precedence relationship betw
activity j and block k, i.e. they are n
correlated. Therefore, we can intercha
activity j and k.
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TES0Urce

activity j

block k ]
L
a b d time:

resource
activity j
block k

a a+c d time

Therefore, the proposition is prov

Now considerig the stated proposition, tf
method is expressed as follows.

Imagine that during the process of structi
compression of the network method, se
is the set of activities which has Dbe
achieved from the method of sectio-4,
which includes the set ddctivities which
are a block activity themselves; also set |
the set of activities which have be
attained from the method of sectior-4,
which means the set of activities wh
have become a block activity through be
combined with another actiy. Now
suppose that during the process of prok
solving of RCPSP by branch and bot
method we want to select a node; hence
would have the following mode

Existence of an activity which is block

If in this step the activity € Aexistsandis
allowed to be scheduled, since activity j i
block activity, according to the previo
point we can allocate time to activity j at
first performable time. In such condition t
node which includes activity j is select
and the othenodes are eliminate

For the example of figurel, activities :
and 4 are the activities which are permit
to be scheduled, and since activity 4 i
block activity and (due to lack of resourc

it cannot be performed simultaneous v
the other actities, in this step,node 4
selected, which means the branch is sele
like the following mode and other moc
are trimmed.

Ay~

Selecting the node which includes blc
activity

Existence of activities which have formed

one block

In this mode, imaginthat we are in" step

of branch and bound method and therj

€ Bactivity which is permitted to b

scheduled. In this situation since the acti

IS ] € B, activity k is existed in the netwo

which can be seen as a block acti

through being combied with activity j. In
this condition one of the two possit
modes may take place:

1. Activity k the same as activity j is ¢
activity which is allowed to b
scheduled in this step; in this situati
the combination of activities j and
must be considete as the selecte
branch and other branches will
trimmed.

For the example of figurel, we know tl
activities 2 and 3 are those activities wh
can be combined with each other
become blocked as one activity; both
these activities are also alled to be
performed, therefore the target branch

be selected as the following:

June 2014

WWW.Viirj.org



Vidyabharati International Interdisciplinary Research Journal 3(1)

[ SSN 2319-4979

The figure of selecting the node whi
includes block activity

2. If activity k is not allowed to b
scheduled, in this situation we do 1|
schedule activity j and we trimhe
branch which includes activity j. This
because we know that if branchi
process is continued we reach a mod
which activites j and k can [
simultaneously allowed to be schedul
The reason is that activities j and k hi
been able to be comtad with eact
other during the process of structt
compression of network and they hi
been able to create a block; therefore
continuing the process of branching
may reach the former mode.

For the example of figurel, we know tl
activities 6 and/ are those activities whic
can be combined with each other
become blocked as one activity.During
process of problerselving after schedulin
the activities 2 and 3, activity 6 would
allowed to be scheduled, but activity 7
not still allowedto be so. Therefore, in th
situation we trim the branch of activity
and select branch 5. We witness that in
next step, activities 6 and 7 are allowec
be scheduled and we can act as the pre
mode. Therefore, the target branch car
selected as the following:

le | L7 ] le7]
Selecting the node which includes blc
activity

The comparison method

As it was already mentioned, our proced
in evaluating operation of any method
comparing number of nodes which eact
them produce when implementing bra

and bound method, and the related cour
tree. Of course the time which has b
spent by computer processefor reaching
an appropriate answercan be considere
as a criterion for comparison, but the m
factor for comparison is the number

produced branches.

Theresults of thetests

In this section the results of the nume
tests have been presented for evaluating
function of suggested algorithm with t
other algorithms. For this purpose, and
programming, we have got use of Matle
software and for the sake of conducting
programs, a PC with the features of 2
CPU, Pentium IV and main memory of
Gigabyte have been used. For ey
problem of the tests, four algorithms h:
been separately conducted and the re
have been presged. These algorithms &
called A, B, C, and D in the following. Tt
description of each of them is presente:
the following:

A: this algorithm includes the branch &
bound method in which for the sake
calculating bound, we get use of LI
method. he LB1 method has already be
described in chapter 3.

B: this algorithm includes the branch &
bound method in which for the sake
calculating bound, we get use of LI
method. The LB2 method has already b
described in chapter 3.

C: this algorithmincludes the branch ai
bound method in which for the sake
calculating bound, we get use of LI
method. The LB3 method has already b
described in chapter 3.

D: in this algorithm we have utilize
structural compression of the network ¢
lower bound 6 LB3 in branch and bour
algorithm. In table 1, the obtained resi
are presented:
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Table 1: examples of implementing the stated allgors

Optw_mzed Number of Processor time| Algorithm type  Problem
solution nodes

5127 669.46 A

4926 581.23 B
43 4681 520.12 C Al

4434 445.32 D

Table 1: examples of implementing the stated algors

Opt'm'zed Number of Processor time|  Algorithm type  Problem
solution nodes
146¢ 131.¢€ A
1430 118.1 B
38 1396 102.44 C A2
1215 86.6 D
55 3.99 A
57 4.2 B
2 48 3.7 C A3
39 3.31 D
56 3.25 A
63 3.68 B
49 45 2.83 C A4
43 2.66 D
2606¢ 8395.¢ A
27847 9112.37 B
53 24320 7533.3 C AS
22336 6841.26 D

Table 1: examples of implementing the stated algors

goriﬂtingﬁed Egorlgzer of Processor time | Algorithm type  Problem
10591 1305.9 A
59 10911 1412.46 B A6
9439 1006.29 C
8561 827.6 D
60 3.22 A
55 56 3.03 B A7
52 2.88 C
41 2.65 D
53 3.15 A
44 49 3.01 B A8
53 3.1 C
43 2.7¢ D
3383 351.1 A
58 3410 383.64 B A9
311z 303.3¢ C
2778 251.9 D
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Table 1: examples of implementing the stated allgors

Opt|r_n|zed Number of nodes Processor time Algorithm type Problem
solution
25463 7619.4 A
2532: 7016.4: B
58 A10
23671 6168.1 C
20408 5373.81 D
1062 77.61 A
1093 79.91 B
o4 953 70.61 C AlL
807 59.4 D
60 3.24 A
47 62 3.96 B A12
60 3.24 C
43 2.61 D
7 3.99 A
69 3.52 B
46 Al13
65 3.0¢ C
58 2.91 D
Conclusion precedencerestrictionbetween activities and

resources limitation have been regarded.
According to table 5-1, by comparing
acquired results from conducting algorithms
A, B, C and D we realize that the number of
nodes in algorithm D compared to other
algorithms have been decreased. Averagely
Sthis decrease in the number of nodes
comparedto algorithm A has been 22%,
comparedto algorithrm B, 21%, and
omparedto algorithm C it has been 13%.

As you can see in table 5-1, number of
nodes in algorithm C has decreased in
comparison with algorithms A and B. We
know that in algorithm C, lower bound of
LB3 has been utilized. According to the
results of experiments we can see that, thi
lower bound in comparison with lower
bounds of LB1 and LB2 — which have been
presented in algorithms A and B — have
caused more trimming in useless nodes an herefore, according to our first guess
subsequently have caused decrease in th%imultane(,)us usage of structural’

number_ OT producec_i brancheg in the tree _Ofcompression network and lower bound of
the optimized solution. This is because in | g4 during the process of problem-solving

lower bound of LB3, both through branch and bound method can
decrease the number of produced nodes.
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