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ABSTRACT 

For connected graph G, of order n, the Acharya Polynomial is defined as  






pk
nd

kGdGAP

1
11

,),(  , 

where  Gd,  denotes pair of vertices of degree d at distance k and p is diam(G). In the present paper we 

compute Acharya polynomial of some chain graphs known as cactus graphs. 
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1. Introduction 

The graphs in this paper are finite and 
connected. Let G be a simple connected graph 
with vertex set V and edge set E. The degree of 
a vertex v in G is the number of edges incident 
to vertex v . A vertex of degree 1 is called 
terminal vertex.  The distance between two 
vertices u and v of V is the length of the 
shortest path between u and v and is denoted 
by ( , )d u v .[1] 

The Wiener index was first index used by 
Harold Wiener to determining the boiling point 
of paraffin. Since then, the index has been used 
to build a correlation model between the 
chemical structures of various chemical 
compounds. Wiener index is the most 
celebrated topological index that identifies the 
characteristics chemical compounds. The 
following are some distance based polynomials 
and their respective indices. 

Definition 1.1: [2] The Wiener index is a 
graph invariant based on distance in graphs. It 
is denoted by W(G) and defined as sum of 
distances of all pair of vertices in G: 

( , ) (

( ) ( , )
u v V G

W G d u v


   

Definition 1.2: [3] The Hosoya polynomial of 
graph is a polynomial introduced by Hosoya in 
1988. Hosoya polynomial (also called Wiener 
polynomial) of G is defined as 


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
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k
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Where d(G,k) is the number of pair of vertices 
of G that at a distance k and   is a parameter. 

It is clear that, W(G) = 1at ),( 


GH
d

d
. 

Definition 1.3: [4] The Terminal Wiener index 
is denoted by TW(G) and defined as sum of 
distances between all pair of terminal vertices 
in G.  
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Definition 1.4: [5] The Terminal Hosoya 
Polynomial of graph G is defined as, 


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And  ( ) ( , ) at 1
d

TW G TH G
d

 
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Definition 1.5: [6] Let G be a connected graph 
of order n and degree d, the Acharya Index 
AIλ(G) of a graph G as the sum of the distance 
between all pair of degree d vertices, denote as  

 
1 1
1

( ) ,
d n
k p

AI G d k k
  
 

   

where  ,d k  denotes pair of vertices of 

degree d at distance k, p=diam(G). 

Definition 1.6:[7] Let G be a connected graph 
of order n and degree d, the Acharya 
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Polynomial AP(G, ) of a graph G is defined 

as  
1 1
1

, k

d n
k p

d k 
  
 

 , where  Gd,  

denotes pair of vertices of degree d at distance 
k and p is diam(G). 

( ) ( , ) at 1
d

AI G AP G
d

 


 
 

In this paper we consider a class of simple 
linear polymers called cactus chains. A cactus 
graph is a connected graph in which no edge 
lies in more than one cycle. thus each block of 
a cactus graph is either an edge or a cycle. If all 
blocks of a cactus G are cycles of the same size 
m , the cactus is m - uniform. A triangular 
cactus is a graph whose blocks are triangles, 
i.e., a 3 -uniform cactus. A vertex shared by 
two or more triangles is called a cut-vertex. If 
each triangle of a triangular cactus G has at 
most two cut-vertices, and each cut-vertex is 
shared by exactly two triangles, we say that G 

is a chain triangular cactus. By replacing 
triangles by cycles of length 4 It is called 
square  cacti where every block is C4 . We call 
such cacti square cacti. Note that the internal 
squares may differ in the way they connect to 
their neighbours. If their cut-vertices are 
adjacent, we say that such a square is an ortho-
square,  if the cut-vertices are not adjacent, we 
call the square a parasquare [8-11].In the 
definition of triangular cactus ,if we replace the 
triangles by cycles of length 6 such cacti is 
called hexagonal cacti.The pattern how the 
cycles are connected, if the cut vertices are 
adjacent then such cacti is called ortho 
hexagonal or if they are not adjacent, then it is 
called para-chain cacti. Thereare 2 types para-
chain hexagonal cactus are there as shown in 
the Figure 4 and 5.    
Types of cactus graphs studied in this paper 

 

 
Figure 1.Chain triangular graph Tn 

 
Figure 2.Chain Para-chain square cactus graph Qn 

 
Figure 3.Chain Ortho-chain square cactus graph On 

 
Figure 4. Para-chain hexagonal cactus graph Ln. 

 
Figure 5. Meta-chain graph Mn. 
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Theorem 1: The Acharya polynomial of the chain cactus ( 2)nT n   is 

1
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Proof: Let x and y are any two vertices of 
( 2)nT n  , then the cactus graph  ( 2)nT n   is 

biregular graph with degrees of vertices either 
2 or 4. To find the Acharya polynomial we 
have find the distances between the vertices 
with same degree. Let the distance between the 
vertices be  ( , )d x y i ,then we have following 

distances and the number of pair of vertices 
with these distances. 
i) There are 2 pair of degree 2 vertices and n-2 
pair degree 4 vertices at a distance 1.Therefore 
we have  [2 ( 2)]n n    . 

ii) For 2 1i n   ,there are 3n i   pair of 
degree 2 vertices and 1n i   degree 4 vertices 
at a distance i. 

1 1
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[( 3) ( 1)] 2 ( 1)
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iii) Lastly, there are 4 pair of degree 2 vertices 
at a distance 1 and no degree 4 vertices at a 

distance n. i.e 4 n  
combining the above expression we have the 
Acharya polynomial   

1

2

( , ) 2 ( 1) 4
n

i n

i

AP G n n i   




       

We know that ( ) ( , ) at 1
d

AI G AP G
d

 


   

1

2

1
1 1

2

1

2

1 1
2

2 2

3 2

( ) ( , )

2 ( 1) 4

2 ( 1) 4

At 1

( ) 2 ( 1) 4

5 2 ( 1)

3 5

3

n
i n

i

n
i n

i

n

i

n n

i i

AI G AP G

n n i

n i n i n

AI G n i n i n

n n i i

n n n




  


 








 







 

 





  
       

    



    

 
    

 

 








 

 
 

Theorem 2: The Acharya polynomial of the para chain square cactus ( 2)nQ n   is, 
2 1
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Proof: Let x and y are any two vertices of 
( 2)nQ n  , then the cactus graph  ( 2)nQ n   is 

biregular graph with degrees of vertices either 
2 or 4. Let the distance between the vertices be  

( , )d x y i ,then we have following  distances 

and the number of pair of vertices with these 
distances. 
i) For 0 2k n    , there are 4 pair of degree 
2  vertices and no pair degree 4 vertices at a 
distance i  where 2 1i k  , Thuthe term in 

polynomial is  
2
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ii)There are  5( 1) 1n    pair of degree 2 and 

2n   pair of degree 4 vertices at a distance 2 

i.e   2 25( 1) 1 ( 2) (6 6)n n n        

iii) For 2 1k n    , there are 4( )n k  pair of 

degree 2  vertices and 1n k    pair degree 4 
vertices at a distance i  where 2i k  
i.e 

 
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iv)  There are 4 pair of degree 2 and no  pair of 
degree 4 vertices at a distance 2 1n    

2 14 n   

v) There is 1 pair of degree 2 and no  pair of 
degree 4 vertices at a distance 2n  
2n  

Combining all above distances we have Acharya polynomial as 
2 1
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The  Acharya index from the above expression is
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Theorem 3: The Acharya polynomial of the  Ortho-chain  square cactus ( 5)nO n   is, 
1
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Proof: Let x and y are any two vertices of 
( 5)nO n  , then the cactus graph  ( 5)nO n   is 

biregular graph with degrees of vertices either 
2  and 4 . Let the distance between the vertices 
be  ( , )d x y i ,then we have following  

distances and the number of pair of vertices 
with these distances. 
i) There are  2n   pair of degree 2 and 2n   
pair of degree 4 vertices at a distance 1, thus 
the first degree term is 

 ( 2) ( 2) 2n n n      

ii) There are  3n   pair of degree 2 and 3n   
pair of degree 4 vertices at a distance 2, thus 

the second term in the expression is  

  2 2( 3) ( 3) 2n n n     . 

iii) There are  3n  pair of degree 2 and 4n   
pair of degree 4 vertices at a distance 3, thus 
this term in the expression is  

  3 33 ( 3) (4 3)n n n     . 

iv) For 4 1i n    , there are 4( 3)n i   pair 

of degree 2  vertices and 1n i   pair degree 4 
vertices at a distance i  , Thus the term in 
polynomial is   
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v) There are 13 pair of degree 2 vertices and no 

pair of degree 4 vertices at a distance n. i.e 

13 n
  vi) There are 6 pair of degree 2 vertices, at a 

distance and no pair of degree 4 vertices at a 

distance  n.+1 i.e 

16 n 

  vii)There is only 1 pair of degree 2 vertices at a 

distance n+2 i.e 
21 n 
 

 
 

Combining  all the terms we have the Acharya polynomial as 
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Theorem 5: The Acharya polynomial of the Para-chain hexagonal cactus graph ( 3)nL n   is 
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Proof : Let x and y are any two vertices of 
( 3)nL n  , then the cactus graph  ( 3)nL n   is 

biregular graph with degrees of vertices either 
2  and 4 . Let the distance between the vertices 
be  ( , )d x y i , for some distances  the i is 

expressed in terms of k. We have following  
distances and the number of pair of vertices 
with these distances. 
i) There are 2 4n  pair of degree 2 vertices and 

no degree 4 vertices at a distance 1, thus the 
first term in expression is  (2 4)n   

ii) There are 6n pair of degree 2 vertices and no 
degree 4 vertices at a distance 2, thus the 

second term in expression is  26n . 
iii) There are 10( 1) 2n   pair of degree 2 

vertices and 2n   degree 4 vertices at a 
distance 3 , thus the third term in expression 

is    3 3(10( 1) 2) ( 2) (11 10)n n n        

iv) For 1 2k n   , there are 4( 1)n k   pair 

of degree 2 vertices  and  no degree 4 at a 

distance 3 1k  , thus 
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v) For 1 2k n   There are 4( )n k  pair of 

degree 2 vertices  and  no degree 4 at a 

distance 3 2k  , thus 
2

3 2

1

4 ( )
n

k

k

n k 






  

vi) For 2 1k n   There are 8( )n k  pair of 

degree 2 vertices  and  1n k   degree 4 at a 
distance 3k , thus 
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vii) There are 8 pair of degree 2 vertices and no 
degree 4 vertices at a distance 3 2n  , thus 

the term in expression is  3 28 n   
viii) There are 4 pair of degree 2 vertices and 

no degree 4 vertices at a distance 3 2n  , 

thus the term in expression is  3 14 n   
ix) There is only 1  pair of degree 2 vertices 

and no degree 4 vertices at a distance 3n , 

thus the term in expression is  3n  
combining all above terms we have the Acharya 

polynomial as 
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1
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2
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1 1

1

2

(3 )(9 9 1) 8(3 2) 4(3 1) (3 )

At 1

( ) (2 4) 12 3(11 10) 4 (3 1)( 1) 4 (3 2)( )

(3 )(9 9 1) 8(3 2) 4(3 1) (3 )

86 46 (12 8)

n

k

n
k n n n

k

n n

k k

n

k

k n k n n n

AI G n n n k n k k n k

k n k n n n

n n

   








   



 

 





       



           

       

   





 



2

2 2 2
2

1 1 1
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n n n

  

 

  

 

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Theorem 6 The Acharya polynomial of the Para-chain hexagonal cactus graph ( 4)nM n   is 
2

2 3 4 2 1

2

1
2 2 1 2 2 1 2 2

3

3
2

( , ) (2 4) (6 2) (5 2) (10 14) (6 6 8)

(11 11 8) 14 10 4 1

17 5
( ) 19 4

3 3

n
k

k

n
k n n n n

k

AP G n n n n n k

n k

n n
AI G n
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
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
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

  
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Proof : Let x and y are any two vertices of 
( 4)nM n  , then the cactus graph  ( 4)nM n   

is biregular graph with degrees of vertices 
either 2  and 4 . Let the distance between the 
vertices be  ( , )d x y i , for some distances  

the i is expressed in terms of k. We have 
following  distances and the number of pair of 
vertices with these distances. 

i) There are 2 4n  pair of degree 2 vertices and 
no degree 4 vertices at a distance 1, thus the 
first term in expression is  (2 4)n   

ii) There are 5n pair of degree 2 vertices and 
2n   degree 4 vertices at a distance 2, thus 

the second term in expression is  
2 2[5 ( 2)] (6 2)n n n     . 

iii) There are 5 2n  pair of degree 2 vertices and 
no degree 4 vertices at a distance 3 , thus the 

third term in expression is  3(5 2)n  . 

iv) There are 9( 1) 2n    pair of degree 2 

vertices  and 3n   degree 4 at a distance 4, 

thus   4 4(9( 1) 2) ( 3) (10 14)n n n        

v) For 2 2k n   There are 6( 1) 2n k    

pair of degree 2 vertices  and  no degree 4 at a 
distance 2 1k  , thus  

2 2
2 1 2 1

2 2

[6( 1) 2] (6 6 8)
n n

k k

k k

n k n k 
 

 

 

        

vi) For 3 1k n   , there are 10( 1) 1n k    

pair of degree 2 vertices  and  1n k   degree 
4 at a distance 2k , thus 

 
1 1

2 2

3 3

10( 1) 1 ( 1) (11 11 8)
n n

k k

k k

n k n k n k 
 

 

         
 

vii) There are 14 pair of degree 2 vertices and no 
degree 4 vertices at a distance 2 1n  , thus the 

term in expression is  2 114 n   
viii) There are 10 pair of degree 2 vertices and 

no degree 4 vertices at a distance 2n , thus the 

term in expression is  210 n  
ix) There is only 4  pair of degree 2 vertices and 

no degree 4 vertices at a distance 2 1n  , thus 

the term in expression is  2 14 n   
x) There is only 1 pair of degree 2 vertices and 

no degree 4 vertices at a distance 2 2n  , thus 

the term in expression is  2 21 n   

Combining all above terms we have the Acharya 
polynomial as 
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2 3 4 2 1
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1
2 2 1 2 2 1 2 2
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
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
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(2009). Terminal Wiener index of graph , J. 
Math. Chem, 46:522–531  

5. Narayankar K.P. Lokesh S.B., Shirol S.S. 
and Ramane H.S. (2013).Terminal Hosoya 
polynomial of thorn graphs: Scientia 
Magna, 9, 37-42  

6. Shirkol S.S., Ramane H.S. and Patil S.V. 
(2016). On Acharya index of Graph , 
Annals of Pure and Applied Mathematics. 
11, No. 1, 73-77. 

7. Shirkol S.S. and Patil S.V. (2016). On 
Acharya Polynomial of Graph, Annuals of 

Pure and Applied Mathematics: 
Vo.11,No.2,117-121. 

8. Chellali M. (2006). Bounds on the 2-
domination number in cactus graphs, 
Opuscula Mathematica , Vol. 26 , No. 1. 

9. Sadeghieh A., Ghanbari N. and Alikhani S., 
(2018). Computation of Gutman index of 
some cactus chains, Electronic Journal of 
Graph Theory and Applications 6 (1) :138–
151. 

10. Sadeghieh A., Alikhani S., Ghanbari N. &. 
Khalaf A.J.M. (2017). Hosoya polynomial 
of some cactus chains, Cogent 
Mathematics, 4:1, 1305638. 

11. Alikhani S., Jahari S., Mehryar M. and 
Hasni R., (2014). Counting the number of 
dominating sets of cactus chains, Opt. Adv. 
Mat. Rapid Comm. 8 (9-10) : 955–960. 

 

 


