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Abstract

General Relativity (GR) is a wonderfully successful geometric description of gravitation. However, theoretical
questions about its ultraviolet completion and observational problems related to cosmic inflation and late-time
acceleration motivate the study of modified gravitational dynamics. One of the simplest and most studied extensions is
f(R) gravity, where the Ricci scalar R appearing in the Einstein-Hilbert action is replaced by a nonlinear function
f(R). In this review f(R) gravity, its mathematical foundations, cosmological dynamics, theoretical viability and
observational status are critically reviewed. The difference between metric, Palatini and metric-affine formulations is
stressed with special emphasis on the trace equation and extra scalar degree of freedom. Tools for the interpretation of
the theory, like the scalar-tensor representation, Brans-Dicke correspondence, Jordan and Einstein frames and
conformal transformations are discussed. Stability requirements, GR recovery and screening mechanisms are then
related to the construction of viable models. We assess representative models such as Starobinsky R?, Hu - Sawicki and
viable late-time acceleration scenarios within the framework of FLRW evolution, cosmological perturbations and
structure formation. We discuss current constraints from the CMB, supernovae, BAO, redshift-space distortions, weak
lensing, galaxy clusters and DESI-era measurements. The analysis shows that agreement in expansion history alone is
not sufficient, perturbative, nonlinear, local and strong-field tests are needed. Finally, we point out open theoretical
and observational problems and connect them to future large-scale-structure and gravitational-wave observations.
Keywords: f(R) gravity; modified gravity; cosmology; dark energy; cosmic acceleration; scalaron; large-
scale structure.

1. Introduction

General Relativity represents gravity through the curvature of space-time generated by
matter and energy. Its predictions have survived extensive tests from Solar-System scales to
compact astrophysical systems and gravitational-wave observations. Nevertheless, the empirical
success of GR does not establish that the Einstein—Hilbert action is the unique description of
gravity at every curvature scale. Questions concerning the quantum behaviour of gravity, early-
Universe inflation and the physical origin of late-time cosmic acceleration provide strong
motivations for studying modifications of Einstein gravity [1-4].

One mathematically natural possibility is to modify the dependence of the gravitational
action on curvature. The eq.(1) represents Einstein—Hilbert action:

Sen =5 [ d*x\J=g R+ Sy, k=816 1)
where, g is the determinant of g, R is the Ricci scalar and S, is the matter action. In eq.(2)
f(R) gravity becomes:

S === [d* =g f(R) + 5. @)

Thus, a single geometrical scalar is retained, but its contribution to the action becomes
nonlinear. Despite the apparent simplicity of this replacement, the dynamical consequences are
substantial. In metric f(R) gravity the equations generally contain fourth-order derivatives of
the metric and an additional scalar degree of freedom. The latter permits a scalar—tensor
interpretation and plays a central role in cosmological evolution, structure formation and local
tests of gravity [3, 4]. The principal reviews explicitly cover metric, Palatini and metric-affine
formulations as well as cosmological and astrophysical viability.

The historical importance of higher-curvature gravity extends well beyond late-time
dark energy. Nonlinear gravitational Lagrangians were investigated before the discovery of
cosmic acceleration [5]. Most notably, Starobinsky showed that an R? curvature correction can
generate an early accelerated stage [6]. The model remains a benchmark example of how
gravitational dynamics themselves can produce inflation without requiring the conventional
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introduction of an independent inflaton field. The discovery of late-time acceleration gave f(R)
gravity a second major cosmological motivation. Instead of interpreting acceleration exclusively
through a cosmological constant or a new dark-energy fluid, one can ask whether the large-scale
gravitational field equations differ slightly from GR. This possibility generated numerous
models, but also exposed an important theoretical constraint: producing acceleration is
comparatively easy, whereas producing acceleration while simultaneously recovering a radiation
era, matter-dominated epoch, stable late-time attractor and Solar-System gravity is considerably
more difficult [7-13]. Amendola et al., for example, developed dynamical criteria for
determining whether f(R) models possess both a standard matter era and an accelerated phase.

The extra scalar mode makes local gravity especially important. A cosmologically
relevant scalar interaction cannot remain unsuppressed in dense environments without
conflicting with precision tests. Viable models therefore typically possess a high-curvature GR
regime and employ a screening mechanism related to the chameleon effect [14-17]. The Hu—
Sawicki construction illustrates this principle: the scalar degree of freedom can remain close to
the GR solution in high-density regions while retaining cosmologically relevant modifications at
lower curvature. A further conceptual distinction concerns the variational principle. Varying the
action with respect to the metric alone gives metric f(R) gravity. Treating metric and
connection independently leads to Palatini gravity, while more general metric-affine
constructions allow matter to couple to the independent connection. These theories are not
merely different calculational representations; they possess different field equations and
dynamical content [3,18-20]. Modern observational cosmology has consequently changed the
central question. It is no longer sufficient to ask whether an f(R) function can reproduce the
observed expansion history. Viable models can closely imitate ACDM at background level
while predicting distinctive scale-dependent growth of density perturbations [21-26]. Song, Hu
and Sawicki showed that linear perturbations provide characteristic signatures even when the
expansion history is tightly controlled. Pogosian and Silvestri likewise demonstrated a scale-
dependent growth pattern capable, in principle, of distinguishing viable f(R) cosmologies from
GR.

This issue has become increasingly important with CMB measurements, redshift-space
distortions, weak lensing, galaxy clustering, cluster abundances and DESI observations. Recent
eROSITA cluster-abundance work, for example, found no statistically significant departure
from GR in the tested Hu—Sawicki scenario and obtained model-specific limits on fg,.
Meanwhile, DESI-DR2 analyses are now testing particular late-time f(R) parameterizations
directly. The purpose of this review is therefore to connect the mathematics of f(R) gravity
with its physical and observational viability. Particular emphasis is placed on the distinction
between background and perturbation tests, on model-dependent observational claims, and on
unresolved problems that can motivate future mathematical and cosmological research.

2. General Relativity and f(R) Gravity
Einstein's equations,
Gy + AGyy = K°Tyy (3)

Follow from variation of the Einstein—Hilbert action. The geometric structure is remarkably
economical: the action is linear in R. From an effective-field-theory perspective, however, there
is no fundamental reason to expect curvature corrections to disappear at all scales. Terms such
as RZ,RWR’“’ and higher invariants can arise as corrections [1, 2]. f(R) gravity restricts
attention to functions of the Ricci scalar. Its appeal is therefore partly mathematical: it provides
a controlled extension of GR while retaining diffeomorphism invariance.
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Table 1. Development of f(R) gravity

Period Major development Importance Representative refs.
1970 Nonllnegr R -dependent Early systematic formulation [5]
Lagrangians
1980 RZ inflation Curvatur_e-drlven early [6]
acceleration
1990s-2000s | SCAIAr-tensor - equivalence | o icied extra scalar dynamics | [3,4,18]
and stability
2006-2008 Late-time acceleration | Connected modified curvature [7-13]
models to dark energy
2007 onward Screening/local tests Llnk_ed cosmology o high- [14-17]
density GR recovery
2007 onward | Perturbations/LSS Revealed scale-dependent | 1,1 g
observational signatures
Precision Stronger model-specific
2010s-2020s cosmology/nonlinear ge P [27-38]
. ; constraints
simulations
Direct tests with modern
2024-2026 eROSITA/DESI-era tests structure and BAO datasets [39-42]
Mathematical foundations and formulations of f(R) gravity
For metric variation,
1
Sszd4x1/—gf(R)+Sm. (2)
Gives,
1
fRRuv —3 f(R)g;w - V,V,C+ guvaR = KZTH‘V’ (4)
where,
_df _
. Ja=ge 9= 90V
Taking the trace yields
30fz + Rfr — 2f(R) = Kk?T. (5)

This eq.(5) is central. In GR, f(R) = R — 2A so the corresponding relation is algebraic in R. In
nonlinear metric f(R), fz becomes dynamical. Consequently, the theory contains an additional
scalar degree of freedom-the scalaron [3,4].
In the Palatini formulation, g,,,, and FI{E, are independently varied. The trace relation is instead
algebraic,

fr(RR — 2f(R) = k*T (6)
so the scalar has fundamentally different dynamics. Metric-affine gravity is still more general
because matter may couple directly to the independent connection [3,19,20]. The distinction is
therefore physical, not merely notational.
Scalar-tensor representation and conformal frames
For sufficiently regular f(R), introduce

¢=fr V(P)=R(@)¢ - fIR(P)]. ()
The metric theory can then be represented as
S == [ d*xJ=g[¢R = V($)] + Sm. )

This has the form of a Brans-Dicke theory with wpg = 0, subject to the usual invertibility
conditions [3,4,18]. A conformal transformation

guv = ¢guv C))
and a scalar-field redefinition convert the gravitational part to an Einstein-frame action
containing an ordinary Einstein—Hilbert term plus a scalar field. Matter then couples non-
minimally to the transformed metric.

The Jordan frame keeps matter minimally coupled and is usually convenient for
interpreting physical cosmological observables. The Einstein frame makes the scalar dynamics
transparent. Their mathematical relationship is well established, although interpretation of
physical quantities requires consistent transformation of units, fields and observables rather than
comparing frame-dependent expressions directly [3,4].
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5. Stability and theoretical viability

Two frequently encountered requirements are

fr>0, frr>0 (10)
The first helps preserve a positive effective gravitational coupling, while the second is
associated with avoiding the Dolgov—Kawasaki-type instability and obtaining a stable scalaron
in the relevant regime [3,4,43]. A viable late-time model should additionally possess an
acceptable matter-dominated epoch, a stable accelerated solution, a sufficiently close high-
curvature GR limit and compatibility with local gravity [7-13]. The chameleon mechanism
provides a physical bridge between cosmological modifications and local tests: the effective
scalar mass depends on environment, suppressing the interaction in sufficiently dense regions
[14-17]. Khoury and Weltman's foundational construction explicitly showed how density-
dependent scalar masses can evade local gravitational constraints. These conditions demonstrate
why mathematical consistency and observational viability are different requirements. A
model may possess well-defined field equations but fail cosmologically, or reproduce H(z)
while failing local or perturbation constraints.
Cosmological dynamics and late-time acceleration
For a spatially flat FLRW metric,

ds? = —dt? + a?(t)dx?, (11)
the Ricci scalar is
R =6(2H*+ H). (12)
The modified friedmann equations can be written as
3fuH? = K%p + 3 (faR = f) = 3Hfr, (13)
and
_szH:KZ(P"'P)"‘ﬁe—HfR- (14)

Terms involving fxR —f, frand fr can be interpreted as an effective geometrical dark-
energy contribution. Successful late-time models must nevertheless reproduce the standard
radiation and matter eras before acceleration. This requirement eliminates many mathematically
possible functions f(R). Dynamical-system studies therefore focus on trajectories connecting a
conventional matter saddle point to a stable accelerated solution [7,8].

Important and viable f(R) models

Table 2. Representative f(R) models

Model Representative form Main Key Strength Main limitation
purpose parameter(s)
. Simple Not by itself a
isnt;;c;:)c:?ky R + R*/(6M?) :Er%;)tlion M curvature- complete  late-
driven inflation |time model
R Efficient high-
Hu- 2 Late Strong LSS/local
Sawicki — m? _a®/m7)" acceleration | v @™ oftenfr, |curvature  GR constraints
o (R/m?>)m+1 recovery
. RH\ ™" Viable  high-|Parameter
Slzlf:(re(_)fi):gzky R+ ARS[<1 + R_§> I;;(?égleration ARy m curvature tuning/degenera
-1 behaviour cy
Typically R — fR,(1 — Increasingly
Exponential f’i y BRs( Ie:(?éZIeration B, R, ﬁm?toth GR restricted by
e Rs) combined data
. . " Flexible Model-
Tanh-tvoe hyperbolic-transition  |Late transition transition  to dependent
P form acceleration |parameters - observational
GR regime .
conclusions

The Starobinsky R? model [6] is conceptually different from late-time dark-energy models: it
demonstrates that curvature corrections can drive early acceleration. Hu-Sawicki models [11]
were explicitly designed to accelerate cosmology while remaining close to GR in high-curvature
environments. The original study emphasizes this high-density recovery and its relation to
Solar-System constraints. The broader lesson is that successful late-time models generally

National Interdisciplinary Conference on Chemical Innovations-Environmental Ethics And Global Future

[9" Oct 2026]

728



QIDYABWARATI Vidyabharati International Interdisciplinary
Research Journal ISSN 2319-4979

10.

suppress modifications where curvature is high and allow them to become cosmologically
relevant only at low curvature [3,4].
Cosmological perturbations and effective gravitational coupling
Background expansion does not uniquely determine gravitational physics. Consider scalar
perturbations,
ds? = —(1 + 2¥)dt? + a?(t)(1 — 2d)dx? (15)

The scalaron modifies the relation between matter perturbations and gravitational potentials.
Under appropriate subhorizon/quasi-static conditions, the matter perturbation equation takes the
schematic form

8m + 2H8y — 4mGopr(k, @) pmbim = 0, (16)
where G,y depends on scale, time and fzg/fz.-Thus the same model can closely reproduce a
ACDM expansion history while generating scale-dependent growth.
Detailed perturbation analyses confirm this mechanism and demonstrate why the scalaron mass
is central to cosmological observables [21-26].
Growth of large-scale structure
Structure formation is among the strongest routes for separating viable f(R)gravity from GR.
Song, Hu and Sawicki demonstrated that f (R) perturbations can modify the CMB, matter power
spectrum and CMB-galaxy correlations. Pogosian and Silvestri found characteristic scale-
dependent growth even when background evolution closely resembles ACDM.

The nonlinear regime is complicated by chameleon screening, making numerical
simulations necessary [27-32]. Weak lensing is particularly useful because it traces the
integrated gravitational potentials. Galaxy—galaxy lensing combined with clustering can help
break degeneracies between modified gravity and parameters such as Q,, gg . This
background/perturbation distinction is one of the most important methodological lessons in
f(R) cosmology.

Current Observational Constraints

Observational tests should be divided into two classes. Background probes include SNe
la, BAO, H(z), cosmic chronometers and distance information. They test H(z),, distances and
the homogeneous expansion. Perturbation probes include RSD, galaxy clustering, weak
lensing, cluster abundance and the matter power spectrum. They probe the scalaron's
modification of gravitational clustering.
Table 3. Representative observational constraints

Observation |Quantity tested |f(R), effect Representative conclusion |Refs.
potentials, . .
CMB distance, ISW, scalaron glters metric|Strongly re_strlcts .departures [21-26,33]
. perturbations when combined with LSS
perturbations
luminosit background
SNe la distance y expansion; possible{Model dependent [40-42]
effective-GG effects
BAO/DESI dlstancg and modified background Strong moder_n constraints on [41,42]
expansion specific late-time models
RSD fog modified growth rate tsei?:'tlve beyond background [24-26,33]
. . . altered Strong  complement  to
Weak lensing |lensing potentials growth/potentials clustering [34-38]
Galax enhanced/screened No GR departure in recent
Y abundance/growth . eROSITA Hu—-Sawicki |[39]
clusters structure formation .
analysis
Galaxy scale-dependent Constrains scalaron's
clustering power spectrum growth interaction range [27-38]

The 2024 eROSITA eRASSL1 cluster-abundance analysis tested the Hu—Sawicki parameter fo.
For massless neutrinos it reported
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12.

logiolfrol < —4.31
at 95% confidence; allowing neutrino mass weakened the bound to —4.08 The authors found no

statistically significant deviation from GR. These numbers apply specifically to that model and
analysis and should not be quoted as universal f(R) constraints.

DESI-era work is adding complementary information. A 2026 exponential- f(R)
analysis combining primordial-spectrum/BBN, cosmic-chronometer, DESI-DR2 and CMB
information found that the model considered did not significantly alleviate the H tension; its
impact on Sg was dataset dependent. A separate 2026 study applies DESI -DR2, supernova and
BBN information to a tanh f(R) model. Future Euclid analyses are particularly relevant
because galaxy clustering and weak lensing jointly probe both density growth and gravitational
potentials. Forecast work specifically targeting Hu-Sawicki f(R) shows the potential of
combining Euclid's spectroscopic and photometric primary probes.

Gravitational waves and their constraints

Metric f(R) gravity contains the two familiar tensor modes of GR together with a scalar
gravitational degree of freedom. Linearized analyses can therefore produce an additional scalar
polarization associated with perturbations of fr [44-48]. It is important to distinguish
theoretical possibility from detection. The existence of a scalaron in the theory does not imply
that an additional gravitational-wave polarization has been observed. The scalar mass controls
whether such a mode can propagate efficiently over astrophysical distances and within the
detector frequency band. Consequently, gravitational-wave observations can constrain only
specific regions of model parameter space. Recent theoretical work continues to investigate
scalar polarizations and their stability in f(R) models.

Future networks of ground-based and space-based detectors, pulsar timing, and
multimessenger observations can provide complementary constraints, particularly if
propagation, polarization and standard-siren distance information are analyzed consistently.
Critical assessment of f(R) gravity

The principal strength of f(R) gravity is that a simple geometrical modification generates
rich physics. It provides a successful curvature-driven inflationary mechanism, a mathematically
clear scalar degree of freedom and testable departures from GR. Its principal difficulty is closely
related to the same scalar degree of freedom. A scalar capable of affecting cosmology must
satisfy local gravity tests, avoid instabilities and generate acceptable perturbations. Viable late-
time models therefore tend toward GR in high-curvature environments, which can make them
observationally difficult to distinguish from ACDM. Consequently, the scientific value of f(R)
gravity extends beyond asking whether it can replace A. It provides a controlled laboratory for
testing how additional gravitational degrees of freedom can be screened locally yet influence
cosmological structure.

13. Research gaps and open problems in f(R) gravity
Sr. |Research Gap| Established Gap Significance Possible Research Support
No. | /Problem Direction
Degeneracy |Viable f(R) models  [Background Agreement with |Combine background |[21-26]
with ACDM [can closely reproduce |observations alone  |H(z) alone does |expansion with
the ACDM background |often cannot not provide growth-rate, weak-
expansion. determine whether sufficient lensing and galaxy-
cosmic acceleration  |evidence for clustering
originates from a modified gravity. |observations.
cosmological constant
or modified gravity.
Scale- The effective Separating modified- |[These Perform joint analyses|Recent cluster
dependent gravitational coupling |gravity signatures degeneracies can |of RSD, weak analyses; see
growth of Gerr(k, @)in f(R) from neutrino mass, |obscure genuine |lensing, galaxy observational-
structure gravity can modify and |galaxy bias and signatures of the |clustering and full-  |constraint
enhance structure nonlinear baryonic  |additional scalar |shape power- discussion
growth on particular  |effects remains degree of spectrum data.
scales. difficult. freedom.
National Interdisciplinary Conference on Chemical Innovations-Environmental Ethics And Global Future
[9" Oct 2026] 730




6 IDYAB 9—IARATI

Research Journal

Vidyabharati International Interdisciplinary

ISSN 2319-4979

of f(R) gravity has
been studied
extensively.

compact objects are
less completely
understood across the
full range of viable
models.

fields provide
tests
complementary
to cosmological
and Solar-
System
observations.

neutron-star
configurations,
quasinormal modes
and strong-field scalar
dynamics.

Nonlinear Chameleon screening  |Accurate modelling of |Screening Develop high- [27-32]
screening allows viable f(R) partially screened and |directly connects |resolution numerical
models to recover GR |nonlinear cosmological simulations and
approximately in high- |environments remains |modifications emulators for specific
density environments. |computationally with Solar- viable £ (R) models.
demanding. System, galactic
and cluster-scale
tests.
Model- Most observational Conclusions can Restricting Reconstruct f(R), fz, |Model-
independent |constraints assume a  [depend strongly on  |analysis to a few |or phenomenological |reconstruction
reconstructio |predetermined the chosen functions may  |gravitational literature
n functional form of parameterization. overlook other  |functions directly
f(R). viable forms of |from observational
f(R). data while imposing
stability conditions.
Strong-field |Weak-field and Global stability and  |Strong Study black-hole [3,4]
solutions cosmological behaviour|phenomenology of  |gravitational perturbations,

Gravitational-

Metric f(R) gravity

Realistic observable

Detection or

Develop polarization-

Gravitational-

and local-gravity
constraints.

become strongly
constrained when
complementary
probes are
combined.

parameter priors and
perturbation
prescription across
datasets.

wave scalar |contains an additional |signatures can be strong limits on  [sensitive analyses, wave
mode scalar degree of suppressed or altered |an additional accurate waveform |literature
freedom that can by scalar-mass effects |polarization calculations and discussed in
generate a scalar and existing local could provide an |multimessenger tests. |Section 15
gravitational-wave constraints. independent test
component. of f(R) gravity.
Consistency |Individual A viable model must |A model Conduct consistent  |DESI-era and
across observational probes  |simultaneously satisfy [favoured or global analyses using |combined-
cosmological |may permit departures |CMB, BAO, SNe la, |allowed by one |the same data analyses
datasets from GR. growth, RSD, lensing |dataset may f(R) function,

Mathematical
classification
of viable
f(R) function
S

Conditions such as

fr > 0and frg >

0 restrict theoretically
acceptable models.

These local conditions
alone do not
guarantee a globally
viable cosmological
trajectory.

A viable theory
should
consistently
reproduce
radiation
domination,
matter
domination and
late-time
acceleration
while remaining
stable.

Apply dynamical-
systems and phase-
space methods to
classify globally
viable f(R) functions
and their critical
points.

[3,4,7,8]

14. Future Research and Observational Directions
The strongest future tests are likely to come from multi-probe consistency rather than one
measurement. Euclid weak lensing and galaxy clustering are explicitly being developed as
precision probes of the Hu—Sawicki parameter space. DESI provides increasingly precise BAO
and large-scale-structure information, while deeper eROSITA samples can improve cluster-
abundance tests.

A particularly promising research programme is to combine
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background expansion+growth-+lensing+nonlinear structure+gravitational waves.
Mathematically, this should be accompanied by better reconstruction techniques, rigorous
stability analyses and careful study of scalaron dynamics across cosmological and strong-field
backgrounds.

For this work, a productive direction is therefore not simply proposing another arbitrary
function f(R), but investigating a model or class of models simultaneously through dynamical
stability, FLRW evolution, perturbations, effective gravitational coupling and
observational distinguishability.

15. Conclusion.

f(R) gravity remains one of the most instructive extensions of General Relativity.
Replacing R by f(R) introduces an additional scalar degree of freedom whose consequences
extend from inflation and late-time acceleration to structure formation, screening and
gravitational waves.

Metric, Palatini and metric-affine formulations must be distinguished because their
dynamical content differs. In the metric theory, the trace equation exposes the scalaron directly,
while scalar—tensor equivalence provides an alternative mathematical interpretation. Stability
requirements and local gravity constraints strongly restrict acceptable functions.

The observational situation is correspondingly nuanced. Viable models can closely
mimic ACDM at background level, making perturbation observables indispensable. Large-scale
structure, weak lensing, cluster abundance and DESI-era measurements increasingly constrain
the same scalar degree of freedom that makes the theory cosmologically interesting. Recent
eROSITA results show no significant departure from GR for the tested Hu—Sawicki scenario,
while DESI-DR2 studies continue to examine other specific f(R) forms.

The central future problem is therefore not simply whether an f(R) model can produce
accelerated expansion, but whether one theoretically consistent function can simultaneously
satisfy local gravity, cosmological background, perturbative, nonlinear, strong-field and
gravitational-wave tests while producing an observable distinction from GR/ACDM.
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